
AD-A253 384

47"A



UNCLASSIFIED
REPORT DOCUMENTATION PAGE Form Approved

OMB No. 0704-0188
Pubic reporting burden for this coledion of Infrmation Is estimated to average 1 hour per response, Including the time for revlewing Insructions. SearhIg existing
daa sources. gatheing and maintaining the data needed, and coIpistng and reviewing the colection of Infomation. Send comnmeris rgerding this burden estimate
or any other asped of this collection of Infonmallon. indciudng suggestions for reducing tis burden, to Washigton Headquaters Servlces Drctorate for Irormalion
Operations and Reports. 1215 Jefferson Davis Highway. Suite 1204, Ar3&gton, VA 222024302, end to the Office of Wmagernet and Budget. Paperwork Reduction
Projed (0704-0188). Washinflon. DC 20503.

1. AGENCY USE ONLY (Leae blank) 2. REPTDATE 13. REPORT TYPE AND DATES COVERED

5 Nov 91 technical
4. TITLE AND SUBTITLE S. FUNDING NUMBERS
Polynomial Expressions for the Coefficient of Nonlinearity P and A4pc5)1/2  GN0001 4-89-J-1 109
for Fresh Water and Seawater, Technical Report under Grant N00014-89-J-1 109 PE61153N

TA4126317
6. AUTHOR(S)

Cotaras, Frederick D. Morfey, C. L.

7. PERFORMING ORGANIZATION NAMES(S) AND ADORESS(ES) 8. PERFORMING ORGANIZATION

Applied Research Laboratories REPORT NUMBER

The University of Texas at Austin (3 ARL-TR-91-27
P.O. Box 8029
Austin, Texas 78713-8029

9. SPONSORINO/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSORINGMONITORING

Office of the Chief of Naval Research AGENCY REPORT NUMBER

Physics Division, Code 1112
Department of the Navy
Arlington, Virginia 22217-5000

11. SUPPLEMENTARY NOTES

12a. DISTRIBUTION/AVAILABILITY STATEMENT 12b. DISTRIBUTION CODE

Approved for public release; distribution unlimited.

13. ABSTRACT (Maximum 200 words)

In this technical report, we develop polynomial expressions for the coefficient of nonlinearity /3 for
both seawater and fresh water. The seawater relations are for salinities of 30-40 ppt,
temperatures of 0-400C, and pressures of 1-800 bars absolute. The fresh water relations are for
temperatures of 0-900C and pressures of 1-1000 bars absolute. Also presented are polynomial
expressions for the termA =A ,i/(pc5) I1 2 , which arises in nonlinear geometrical acoustics. The
precision of the fits of the polynomials to the underlying data is better than 1 ppt in all cases.
However, the uncertainty in the seawater 1P relation is ±3% for realistic ocean temperatures and
pressures. An uncertainty estimate was not obtained for the fresh water / relation.

14. SUBJECT TERMS 15. NUMBER OF PAGES

acoustics high pressure
coefficient of nonlinearity high temperature 16. PRICE CODE
fresh water seawater
17. SECURITY CLASSIFICATION 18. SECURITY CLASSIFICATION 19. SECURITY CLASSIFICATION 20. LIMITATION OF

OF REPORT OF THIS PAGE OF ABSTRACT ABSTRACT
UNCLASSIFIED UNCLASSIFIED UNCLASSIFIED SAR

NSN 7540-01-280-5500 U Standard Form 298 (Rev. 2-89)

UNCLASSIFIED Prescribed by ANSI Sid 239-18
298-102



TABLE OF CONTENTS

Page

LIST OF FIGURES..................................... vi

LIST OF TABLES...................................... vi'

1. INTRODUCTION.....................................1

2. OVERVIEW OF PROCEDURE..........................:3

3. UNCERTAINTY IN ESTIMATES OF 3 IN SEAWATER....... 5

4. RESULTS............................................9

41.1 PLOTS OF c, p, /3, AND A............................9

1.2 POLYNOMIAL EXPRESSIONS FOR 3 AND A.......... 12

1 DISCREPANCY WITH THE TABULATED VALUES OF
ENDO [ 1]...................................... 16

5. SUMMARY.........................................I17

ACKNOWLEDGMENTS................................. 19

REFERENCES. ............................. 2!



LIST OF FIGURES

Figure Page

3.1 Plots of the absolute difference in /3 versus temperature for absolute
pressures of 1, 100, 200, 300...800 bar caused by using different empir-
ical relations for c in term 1 ....... ........................ 6

3.2 Plots of the absolute difference in /3 versus temperature for absolute
pressures of 1,100, 200, 300...800 bar caused by using different empir-
ical relations for c in term 2 ....... ........................ 6

3.3 Plots of the absolute difference in /3 versus temperature for absolute
pressures of 1,100, 200, 300...800 bar caused by using different empir-
ical relations for p and a in term 1 ....... .................... 6

3.4 Plots of the absolute difference in /3 versus temperature for absolute
pressures of 1,100, 200, 300...800 bar caused by using different empir-
ical relations for p and a in term 2 ....... .................... 6

4.1 Plots of sound speed versus temperature for various absolute pressures
(bar) in fresh water ........ ............................ 10

4.2 Plots of density versus temperature for various absolute pressures (bar)
in fresh water ........... .............................. 10

4.3 Plots of /3 versus temperature for various absolute pressures (bar) in
fresh water ......... ................................. 10

4.4 Plots of A versus temperature for various absolute pressures (bar) in
fresh water ......... ................................. 10

4.5 Plots of sourld s)eed versus temperature for various abqolute pressures
(bar) in seawater with a salinity of 35 ppt. [101 .... ............ 11

4.6 Plots of density versus terl)eratire for various absolute pressures (bar)
iii seawater with a salinity of 35 ppt. [121 ..... ............... II

v



4.7 Plots of /3 versus temperature for various absolute pressures (bar) in
seawater with a salinity of 35 ppt .......................... .11

4.8 Plots of A versus temperature for various absolute pressures (bar) in
seawater with a salinity of 35 ppt .......................... .11



LIST OF TABLES

Table Page

4.1 Coefficients in polynomial expression for 0 ................... 13

4.2 Coefficients in polynomial expression for A ................... 15

Acoesslon For

NTIS GRA&I
DTIC TAB Il
Un iniur;-d ETJ

.. .~~ 11 Jut tu t",c

A-ilalhbllit Codes

'Dist I Sp:-.Qio

_ _ _ _ _ _ _ _ _ _ _ _ _ p



1. INTRODUCTION

In the study of nonlinear acoustic propagation through an inhomogeneous fluid
such as seawater, it is helpful to have explicit relations for the acoustic properties
of the fluid as a function of temperature, pressure, and composition. For both fresh
water and seawater, several empirical relations give the sound speed c and the density
p as functions of temperature, pressure, and, in the case of seawater, salinity S.
We are, however, unaware of any similar relations for the coefficient of nonlinearity
3. Endo [1] has tabulated fi for seawater over a broad range of temperatures and
pressures for salinities of 25, 30, 35, and 40 parts per thousand (ppt). For computer
implementations of nonlinear propagation through seawater, however, relations with
explicit temperature, pressure, and salinity dependence are preferable over tables of
values. Endo's tabular values were useful in checking our calculations.

In this work three relations for f are developed: one for fresh water as a function
of temperature and pressure, one for seawater with a salinity of 35 ppt as a function of
temperature and pressure, and one for seawater as a function of temperature, pressure,
and salinity. Also developed is a similar set of relations for the term A =/3/(pc)' 1/ 2.

The reason for developing separate relations for A is that it arises as an important
variable in nonlinear geometrical acoustics [2,31. Under the assumptions of nonlinear
geometrical acoustics, the equation governing the propagation of a progressive finite-
amplitude acoustic wave in an inhomogeneous fluid may be converted to the equation
governing the propagation of a similar plane wave in a homogeneous fluid. The
conversions required are the following:

( A 1/2 / -1/2( ( 0(1.1)

where p is the acoustic pressure, .T and P are. respectively, the equivalent plane wave
propagation distance and pressure. A is the ray tube area, and ( is the ray path length.
The subscript o in(licates conditions at the source point. Equation (1.2) makes clear
why an explicit relation for .\ as a functlion of temperature, pressure. and salinity is
helpful.



2. OVERVIEW OF PROCEDURE

The coefficient of nonlinearity is defined as follows: 13 = B12A±+ 1, where A and B
are the first and second coefficients of the Taylor series expansion of the total pressure
P in terms of the relative density change. (In fresh water at room temperature and
atmospheric pressure, 13 has a value of approximately 3.5.) Rudnick [4] has shown
that B/A may be expressed in terms of quantities that are easily related to physical
data. Use of the expression for B/A as shown in the paper by Beyer [5] gives

(9 Oc \ ac +
-PC d P) T +Cp (OT) + (2.1)

where the subscripts indicate constant conditions, and T, a, and Op are, respectively,
the absolute temperature, the coefficient of thermal expansion, and the specific heat at
constant pressure. Note that the first and second terms in Eq. (2.1) contain different
partial derivatives of the sound speed c(P, T) evaluated at constant composition. The
term that contains (aC/O)P)T Is hereinafter referred to as "term 1", whereas the term
that contains (&1/OT)p is hereinafter referred to as "term 2". Rudnick noted that,
while all parts make a significant contribution to 13, term 1 is numerically larger than
termi 2 in all common fluids.

Ini our t -valuation of j3. pulilieid empirical relations were usedl as mnuch as p~ossilble.
Wheti a dlerivative of anl acoustial property was requtired, thie derivatI ie was ohtaiiiedl
b~y differentiating the 1)ubljshied empirical relationi analytically, t lieni evaluiatIing t ire
resul I III ierica iIv.

To~ thle best of otir kniowledge(. thevre is on Ily onie set of einpi rica I relations for H ie
acoumst ica I prop~ert ies of freshi water t hat is Valid over a wvide raiige of teiieratuties

M) I000(C) Il prsue (I 1(111 bars absolute). Thie relattions used for H ie sounld

Sj)Ce(I lland densitY 0 of freVsh waler are lroniil. respect ively, ( lien wi * MI Ii Ilero [61] ir id
'heni ct al. [71. '['lie estitniates of thec coefficienit, of I hernal expanrsi ii were 01)! inrel

W111i rig froml ('lienl H/ (11 [7] in1 tI l Nieprssion (1 ) Cp Fr . -I] thec oilier Ia ild.

%%f lIiS'e a pi~follilia IIIt ;I 1(Inc aer( datia set 18].

.Ilre sit ii t io I., il -4it. iv dii lre i for sealwater: alt least two nildishied en ripi ricA
reClat iolns t hat a ie va dild ovecr a wide ranlge of' tenliperalt i res (U IW1 'C) a 11(1 precsi I es
(I1 8)(0 bars a bsolnit (' exist for 1)0! i I lic 501111(1 speed and Ilie deirsit v. For H ie son nil

sped 111 ir (loice Is bet weeii t~re relat ion dve-loped by Lo~vettI [9] aiid( fihat (leveli ued
bY ( tern ;11ird Xlilro [10]. F or t~re (lels"ItY Ilie chloice Is bet weeir I lie c~ e~ol
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developed by Gebhart and Mollendorf [11] and those from Chen and Millero [12].
The choice for the coefficient of thermal expansion is somewhat dependent on the
choice made for the density. The choice is either the evaluation of -1 (O), using

p from Gebhart and Mollendorf [11] or the explicit relation for a given by Chen and
Millero [12]. Our estimate of the specific heat at constant pressure in seawater Cp was
obtained by summing the estimate of Cp at one atmosphere, which was calculated
using a relation from Millero et al. [13], with the contribution from the isothermal
integration of [14] 0

-TJ! (,a2+ (~)dP .(2.2)

The estimates of a and p for Eq. (2.2) were obtained from the appropriate aforemen-
tioned references.



3. UNCERTAINTY IN ESTIMATES OF /3 IN SEAWATER

To help decide which empirical relations to use for c, p, and a in seawater and,
more importantly, to estimate the uncertainty in the calculation of /3, we numerically
implemented all of the aforementioned empirical relations. The absolute difference in
/3 due to using two different empirical relations was calculated for one property at a
time. The difference in /3 caused by terms 1 and 2 was calculated separately to see
which term in /3 is more sensitive.

Term 1, the term in /3 that contains (Oc/aP)T, was found to be the largest source
of uncertainty. Estimates of the uncertainty were obtained by calculating term 1 using
Lovett's relation for c [9] while holding all other relations constant. (For p and a, the
previously referenced Chen and Millero relations were used.) This result was then
subtracted from a calculation of term 1 obtained using Chen and Millero's relation
for c [10]. The difference was calculated over a realistic range of temperatures and
pressures, that is, a range of temperatures and pressures that might be found in an
ocean: a temperature range of -4-40' for pressures of 1 and 100 bars absolute, but
a temperature range of only -4-10' for pressures of 200, 300, ... , 800 bars absolute.
Shown in Fig. 3.1 is a plot of the difference in term 1 for salinities of 30 and 40 ppt.
(Solid lines are for salinity of 30 ppt, dashed for 40 ppt.) For these salinities, the
difference is always less than 0.1, typically 0.05. For a salinity of 35 ppt (not shown),
the absolute difference is always less than 0.05 and typically less than 0.025. For
contrast, Fig. 3.2 shows a plot of the corresponding difference in term 2, which was
calculated in an identical fashion. The magnitude of these differences is much smaller,
typically less than 0.0025.

The uncertainities in /3 that stem from the different empirical relations for p aid a
were examined in the same manner as those for c. Both terms 1 and 2 were evaluated
twice, once using the density relation fron Gebhart and Mollendorf [11] and once
using Chen andI Millero's relation [12]. Because a is closely related to p, it was varied
simnultaneously. (In all cases, the relation used for c was that of Chen and Millero
[10].) Plots of the differences genierated by terms 1 and 2 are shown, res)ectively,
in Figs. 3.3 atilt 3.4. The largest differences in I that restilt are in teril 2, and the
differences are always less than 0.01.

Finally. a check on the pressure correction term in ('r. Eq. (2.2), was niade at
zero saliit y. Between I and 1000 bar. the pressure increllmt in (' given Iy Flj. (2.2)
deviated by around 10% fron tihe valies inl Ref S. Nevertheless, the corr(,sI)onding
mncertainitY in .1. through te'in 2, is only I part in 10' .
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Rather than embark on an investigation of the origin of the above cited differences,
we simply chose to use the relations from Chen, Millero, and their co-workers over
those of other workers. Our reasoning was uniformity of approach: Chen, Millero,
and their co-workers have developed empirical relations not only for c, but also for
p, a, and Cp. Thus, for seawater, the relations in Refs. 10 and 12 were used for c
and p. Estimates of a were obtained using the explicit relation for a in seawater
from Ref. 12. When using our polynomial expressions to calculate /3, however, one
must always bear in mind that the differences cited above are, generally speaking,
the accuracy limits in our results.



4. RESULTS

4.1 PLOTS OF c, p, ,3, AND A

Plots of c, p, /3, and A for fresh water are shown in Figs. 4.1-4.4 and for seawater
in Figs. 4.5-4.8. For fresh water, the acoustic properties are plotted as functions of
temperature for the absolute pressures of 1, 100, 200, 300, ... , 1000 bars. Because
the fresh water Cp relation is valid up to only 90'C, our relations for /3 and A in fresh
water must be used with caution above 90'C. The curves are therefore dashed in this

region. In the case of seawater, Figs. 4.5-4.8, the salinity is held constant at 35 ppt.
The acoustic properties are plotted as functions of temperature for absolute pressures
of 1, 100, 200, 300, ... , 800 bars. Because the accuracy of the relations for c and p
in seawater is uncertain below 0°C, the values for c and p below 0°C are dashed lines
in this region. Similarly, our derived relations for /3 and A in seawater must be used
with caution below 0°C, and they too are dashed lines in this region.

Some discussion of the plots is in order. The plots of the sound speed and density
for both fresh water and seawater are as expected: the density decreases with rising
temperature, but increases with rising pressure, whereas the sound speed increases
with pressure and, up to around 70-80', increases with temperature also. The plots of
tle coefficient of nonlinearity reveal a more complex temperature and pressure depen-
dence. In seawater, /3 increases with pressure for the temperature range considered.
lowever, in fresh water, the sign of the pressure derivative of / is temperature de-
pendent. Below about 60'C, /3 increases monotonically with pressure, whereas above
that temperature, /3 initially decreases with rising pressure. For both fresh water and
seawater, the pressure effect oi / 3 tends to decrease with rising temperature. The
variation in 3 near 0°C is about, 25%, whereas at higher temperatures the variation
decreases to about 5%. In contrast with /3, the pressure effect on A increases with
lemlperatuire for both fresh water anl seawater. Near 0°C, the variation is about 5%,

but by 40 'C tile variation has increased to about 25%, and (in fresh water) by 90'('
tile variation has increased to about 40%. Aside from a, deviation at low pressure
alid t(eilliperalure, t lie temiperature and pressure dependences of A for boti seawater

and fresh water are generally opposite those of tHie sounrd speed c. 'hiis is reasonable
givn l ha t ,.S12 ;l1)l)eal.S iM tile d'ioliliator of /V

: colliarisol of lhe isobar Ilots of l for fresl water an(d seawater (Fhig. 1.3 wit h
Fig. 1.7) casts SOliiC doubt. oil t lie validity of our ext rapolatfioil of the iiiderlYiiig
expressions for lie acoustic lrolperties below 0O('. Note that, in our fresl waler 'I

9
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results, the /3 curves diverge rapidly as they approach the freezing point, whereas in
our seawater /3 results, the /3 curves do not exhibit a similar divergence below 0°C.
The reason may be our unjustified extrapolation of the underlying expressions for c,
p, a, and Cp in seawater. Although these relations are not stated as being accurate
below 0°C, they are the best available. Because we believe that having a expression
for 3 with an uncertain accuracy below 0*C is preferable over no expression at all,
we extrapolated the underlying expressions to develop our relation for 3.

4.2 POLYNOMIAL EXPRESSIONS FOR /3 AND A

Our polynomial expressions for /3 and A are now presented. The order of our poly- •

nomial fit was chosen to be similar to that used in the empirical fit to the dominant
underlying acoustic property, the sound speed c. The sound speed relation given by
Chen and Millero [7] is fifth order in temperature, third order in pressure, and second
order in salinity. The order of the salinity terms was, however, reduced from second
to first order because the sound speed relation given by Chen and Millero [7] is valid 0
for a broader range of salinities than is required (5-40 ppt rather than our 30-40 ppt).
The resulting fit of the polynomials to the original data is more than adequate. The
quality of the fits of the polynomials to the original data was assessed through direct
comparison, and the comparison was performed over the claimed ranges of tempera-
tures, pressures, and salinities. The difference between the original data and the fit
is always far less than the previously discussed uncertainty in the overall calculation.

Our polynomial expressions for /3 were obtained as follows. For seawater, Eq. (2.1)
was evaluated over the following range: temperature -4 to 40C, pressure 1-800 bars
absolute, and salinity :30-40 ppt. The resulting data points were then fitted to a
polynomial expression that is fifth order in temperature, third order in pressure, and
linear in salinity. The polynomial expression is

/3 = Z B1,,,(S - 35)'p',T (1.1)
l,rnt,rn

where the salinity .5' is in ppt, the temperature 7' is in °C, and the pressure P is bars
gauge, that is, relative to I atn = 1.01325 bar.1 The coefficients t, are listed in
Table 4.1. The maxininin absolute error in the fit is 0.0015, and the typical error is
abtout half that. (Check value: F'or a salinity of 32.5 ppt, a pressuzre of 100 bar gauge,
and a temperature of 150(C, 3I is 3.672556.)

The actua.l salinity of the ocean water coltinti is 'lefquently unknown. In its place,
people often assumne a salinity of :35 ppt becase this salinity is SO ('1l11moll In lhe

This Is the coIIvehtiol used by most authors, including ('len, Millero, and their co-workers, for
presenting mnpirical fits to seawater and fresh water propert y data.

12



TABLE 4.1
Coefficients in polynomial expression for/3

I m nBo Bimn B 3

o 0 0 +3.122127 +3.44166 +3.44223
0 0 1 +0.0262768 +0.0176224 +0.0176264
0 0 2-0.0004:9164 -0.000478735 -0.00047893
0 0 3 +0.00000520032 +0.0000129976 +0.0000130006
0 0 4 -3.07095 x 10- 8 -1.85398 x 10- 7  -1.85429 x 10- 7

0 0 5 +6.12344 x 10- " +3.36832 x 10- '0 +3.37367 x 10- '°

0 1 0 +0.00139138 +0.00104125 +0.0010417
0 1 1 -0.000051128 -0.0000457645 -0.0000457763
0 1 2 +7.40662 x 10- 7 +5.84691 x 10- 7 +5.85248 x 10- 7

0 1 3 -6.41226 x 10- 9  +5.16276 x 10- 9  +5.14001 x 10- 9

0 1 4 +2.5327,4 x 10-  -3.849,2 x 10- 1 -3.8220,S x 10-11
0 2 0 -2.15517 x 10 - 7  -1.69183 x 10- 7  -1.69416 x 10-

0 2 1 +3..45228 x 10- 9  +1.69021 x 10 -" +1.69053 x 10"
0 2 2 +1.4,1653 x 10- 10 -3.37325 x 10 - ' -3.377,14 x 1010
0 2 3 -2.826,6 x 10-2 -3.82096 x 10 - 12 -3.79902 x 10 - 12

0 2 4 +1.26217 x 10- ' +4.52996 x 10 -" +4.49897 x 10 - 1
4

0 3 0 -1.12614 x 10 0 -6.581,16 x 10- ' -6.57756 x 10- 11

0 3 1 +4.51141 x 10-
12 +6.60716 x 10- 12 +6.60637 x 10- 12

0 :3 2 -2.914131 x 10- ' -1.63621 X 10- 13 -1.63501 x 10- 13

1 0 0 +0.00833572
1 0 1 -0.000232-107
1 0 2 +0.00000107536
1 1 0 -).0000115765
1 1 I +7.2187 > 1 '

1 1 2 -f 1.0786 , I0"
1 2 0 -3.2689 x 10- '

1 2 1 1. 156 1 I)
1 2 1S(7 1 .



world's oceans. For these reasons, a less complicated relation for / for the salinity of
35 ppt was also developed,

3= Bm35nPmTn (4.2)
m,n

Valid over the same range of temperatures and pressures, its coefficients are denoted
B3 and are listed in Table 4.1. The maximum absolute error in the fit is 0.0001.

(Check value: For a pressure of 98.98675 bar gauge and a temperature of 15°C, /3
is 3.683292.)

For fresh water, Eq. (2.1) was evaluated over the temperature range 0-1000 C
and the pressure range 1-1000 bars absolute. A polynomial fit of the same order in •
temperature and pressure as above was then obtained,

30 - BmnPmT (4.3)

The coefficients Bn are also listed in Table 4.1, and the maximum absolute error of
the fit is 0.0005. (Check value: For a pressure of 98.98675 bar gauge and a temperature
of 15°C, 3° is 3.508381.)

Polynomial fits for A _ 0//(pc)' 1/2 that are valid over the same ranges of tem-
peratures and pressures for seawater with salinities of 30-40 ppt, seawater with a
salinity of 35 ppt, and fresh water were developed as above. The relations are shown

35

in Eqs. (4.4)-(4.6), and the coefficients, which are denoted, respectively, Limn, Limn,

and L' , , are listed in Table 4.3:

= zLim, (S - 35)IPm~n 1 0-9 S5/ 2 fkg-1 /2  
, 4.4)

\.,n ]

A ° = L,,,,m f XT0 9S"/ 11- k - (1;.6)

The maximunui absolute errors in these fits are, respectively, 0.0001 x 10 - , 0.0001 x

10', and 0.0015 x 10- 9 . (Check values: For a salinity of 32.5 ppt, a pressure of

100 bar gauge, and a temperature of 15C, A is 1.270685 x 10 - 9 . For a pressure

of 98.98675 bar gauge and a temperature of 1.: C, A3 is 1.267513 x 10' and A is

1.309151 X 10-9.)
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TABLE 4.2
Coefficients in polynomial expression for A.

1 m n L LImn

0 0 0 +1.340649 +1.34255 +1.34282
0 0 1 -0.00123676 -0.00369707 -0.00370087
0 0 2 -0.0000219506 -0.0000454961 -0.0000454702
0 0 3 +7.51912 x 10-7 +0.00000411388 +0.0000041155
0 0 4 -2.82344 x 10-9  -7.30211 x 10- 8 -7.30791 x 10-8
0 0 5 -5.22167 x 10- 12 +2.49154 x 10-10 +2.49717 x 10-10
0 1 0 +0.000197704 -2.88818 X 10- 7 -4.62069 x 10-7

0 1 1 -0.0000256345 -0.0000191962 -0.0000191921
0 1 2 +4.70095 x 10- 7 +4.28444 X 10-7 +4.28422 X 10- 7

0 1 3 -4.83161 x 10-9  -4.12041 x 10-9  -4.1215 x 10-9

0 1 4 +1.90758 x 10-11 +4.36867 x 10- 11 +4.37169 x10 -"
0 2 0 -2.69563 x 10-7  -1.43851 x 10-7 -1.43841 X 10- 7

0 2 1 +1.46666 x 10-8 +1.65626 x 10" +1.65666 x 10-8

0 2 2 -1.99597 x 10-' ° -3.94804 x 10- 0 -3.95058 x 10- '0
0 2 3 +1.59563 x 10- 12 +2.14739 x 10- 12 +2.15271 X 10- 12

0 2 4 -5.86015 x 10-' -1.49805 X 10- 14 -1.50419 x 10- 14

0 3 0 +4.01117 x 10-11  +2.48433 x 10" +2.48674 x 10-x

0 3 1 -1.60177 X 10- 12 -2.5426 x 10- 12  -2.54489 x 10-"
0 3 2 +8.41646 x 10- 5 +4.69605 x 10 - 14 +4.70247 x 10- 1

4

1 0 0 -0.000374879
1 0 1 -0.0000614364
1 0 2 +,1.68875 x 10- 7

1 1 0 -0.00000518082
1 1 1 +1.5355,1 x 10-'
1 1 2 +9.56226 x 10-'°

1 2 0 +2.92378 x 10-)
1 2 1 +2.13857 x 10-"
1 2 2 -3.87,138 x 10-12
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4.3 DISCREPANCY WITH THE TABULATED VALUES OF ENDO [1]

A small discrepancy exists between our results and those of Endo [1]. The magni-
tude of the difference in terms of /3 is at most 0.15 at high temperature and pressure.
The results for high pressure, low temperature as well as those for low pressure, high
temperature appear to agree well. Thus a cross term appears to be the source of the
problem. However, despite numerous tests and repeated checking, the source of the
discrepancy could not t'e traced. The checks included evaluating the sound speed
derivatives, Eq. (2.1), numerically for comparison with the values obtained via ana-
lytical differentiation. The agreement was within 1 ppt for term 1, and even less for
term 2.

The discrepancy is particularly unsettling, as both our and Endo's underlying
expressions for c, p, and a are the same. However, the discrepancy is small, of the
same order as the uncertainty in 3 caused by using the different expressions for c, p,
and a.

1
E

E

E

E

I (;

E



5. SUMMARY

In this work three polynomial relations for 0 are developed: one for fresh water
as a function of temperature and pressure, one for seawater with a salinity of 35 ppt
as a function of temperature and pressure, and one for seawater as a function of
temperature, pressure, and salinity. Also developed are a similar set of relations for
the term A - //(pc) 1'/2 . Plots of the sound speed c, the density p, as well as '3 and
A for both fresh water and seawater with a salinity of 35 ppt are presented for a wide
range of temperatures and pressures. Although the precision of the polynomial fits
to the underlying data is quite good (typically better than 1 ppt), the use of different
underlying property data leads to uncertainities in /3 of about ±3%. Due to a lack of
comparison information, a similar estimate of the uncertainty is not available for 13
in fresh water.
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